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SUMMARY

The concept of sequential experimentation in response surface’ designs is quite
old. The rotatable designs conducted sequentially in two orthogonal blocks re-
quire too many design points than the non-sequential designs. For this, second
order response surface desigas have been conducted in non- orthogonal blocks. In
this paper conditions of non-orthogonal blocking of group divisible third order’
rotatable designs and hence of third order rotatable designs have been denved
The method has been explamed iby means of an example. ' .
Keywords : Rotatable designs, Group divisible second order rotatable design ,
(GDSORD), Group divisible third order rotatable design
(GDTORD), Non-orthegonal blocks. o

Introduction

The concept of sequential experimentation’ was introduced by Box
and Hunter [8] mainly to reduce the block size. This concept was utilis-
ed by Gardiner, ‘Grandage and Hader [13), Draper {12], Das-and Nara-
simham [11], Herzberg [14), Das and Dey{10] and Adhikary and Panda
[4): In:Box and Hunter [8], a second order rotatable design, (SORD)
was performed in two orthogonal blocks -such that the points of the first -
block formed a first order ‘rotatable desrgn (FORD) and thé pomts of
the two blocks together formed a SORD. Gardiner, Grandage and
Hader (13] performed a third order rotatable design (TORD) in two
orthogonal blocks such that the pomts of the ﬁrst block formed a
SORD. : e , ;
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Das and Narasimham [11] gave exhaustive list of sequentlal rotatable
(second order and third order) designs in two orthogonal blocks. But:
too many central points are needed to achieve orthogonality. So Das
_and Dey [10] derived the conditions of a SORD performed into more

than one non-orthogonal blocks. Herzberg [14] introduced the cylindri-
cal rotatable designs and Das.and Dey [9], Adhikary and Sinha [7],
Adhikary and Panda [2]. [4], -[5] introduced group divisible rotatable
designs in order to reduce the design points by relaxing the conditions of
rotatable designs. Adhikary and Panda [3] introduced the mixed order
response surface designs in which the factors may not appear il the same
" order. It was shown that a design of lower order can be improved upon
to a design of higher order by adding some points. Adhikary and Panda
[4] derived the conditions of non-orthogonal blocking of group divisible
response surface designs of second order. Using the designs of Adhikary
and Panda [3] a SORD or group divisible second order rotatable design
can. be performed sequentially in non-orthogonal blocks starting from a
FORD Adhikary and Panda [5] introduced the group divisible third
order rotatable design (GDTORD) by relaxing the conditions of

TORD.

In the present paper the conditions of non- orthogonal blocking of
GDTORD have been derived in detail. It has also been shown by means
of an example that how a GDTORD and hence a TORD can be per-
formed sequentially using a'mixed order designs of Adhikary and Panda
[3] starting from a FORD. In the appendix a list has been given from 3
to 7 factors. Also the total number of design points and the maximum
block size by this method and by the method of Das and Naras1mham
[11] for any desxgn are given.

2 Model and Conditions
I-.él the v factors be divided into s groups as follows:

G1=(l,2...v1),G2=(v1+l...v1+vz)...G,=(v1+v,
F v+ 1...v+va+...4+w) wherev =y + v
'+..-+V|.

Assuming that the experimentation has been done in m blocks, the
appropriate mode! for GDTORD can be written as
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where B,, is the effect of wth block and z,u = 1 if uth -point belon‘gs to
the wth bleck and == 0 otherwise, 2, = no/N where n, denotes the
number of points in wth block. e,’s, the error components are i.i.d.r.v.
with zero means and variance ¢2, E denotes the sum over the factors of

pth group. Inaddition to the condmons of GDTORD given in Adhikary
and Panda [5], the points satisfy the following conditions : . ’

. . n,

; . 1

(1) ’ (lp)bw = TV—‘ z Xipuy = 0 4
A

Ny
. - 1 c
@ Gufolbo= 35 D Fieutis =0 forin#js
u=1l -

ne
i) God Db = ~ 2 Xaw Xl Fu = O ¥ B, W, 07

II

(iv) T (Db N Z spu = constant for all factors Belong.-

ing to the ith group.
Hoﬁrever the non-singuiarity conditiqn E changes to
E: @) p,>0
(i) P ply — (Pup)? 2 0.
where Piu [= (e + Z)A.(H)I_Vp ~N E (% oulnel
o C a=nL2,..58 - @0
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and Piaws = 8 — N E1(& Yo (12, Youltta . C@aD)
. . w
) = ‘ef"’“'* (say) - . e -' : - o

(iii) MI;)/‘-(#) = Yo 2, ABgrnrers - v
W Tk e T o2

(iv) Fu—1=[0p + HA() A®) — (s + 2) APR2 ] x
O+ D 20 e ]
v (Ve + 2) ()\(uz) Or'nb — AW Ger') 2 1 @
Let us denote by
NSy 3o o = 2 yu X, o Xi 0 X .

Solving the normal equations Which involve bi,, 's, we have

Mt

2}\S:u)b‘u~"u- = sy‘l“l‘ -3 (i&) bw T ;w Orw’ Yp’p'
w

= ]

=

where

Y up = Zp b‘p in’ ferr = AP — N3 (13) byl
: w .
Bt = 64 — NS (i, i)
. w . .

Clearly, the ¥ s are obtained from

P*axa.r:x1=ss><1

[N

With P*= (p3p), ¥ (Y11 Yes - - - Y1)
where pg, and pf. are giveh in (2.10) and (2;11). The solutions of
othér constants aré-same as in Adhikary and Panda [5].

'
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2.1 Cons?ruct_ion of GDTORD on 3 factors in Non-orthogonal blocks
starting from a FORD on 3 factors -

Block 1. FORD

"Take 4 points obtained from }-reblicéte of 2% expt. With levels + a
and indentity equation I = 123. Also take 6 points otained from S; (b),
i =1, 2, 3 with b2 = 1.3534a" where ' g

.0... 00> 0...0-\

&@nzxj=[ |
0...85—50...0

ith Column contains the elements = b and elements of -all other
columns are zero. Thus block 1 contains 10 points. These 10 points
satisfy the conditions of FORD. o '

Blocks I and 2: GDSORD, G, : (1), Gs : (2), Gy : (3).

The factors are divided into three groups such that each group con-
sists only oneffactor. ' o
In the second block we add points such that the factor in a group
appears in. gecond order. That is, the points of the two blocks satisfy
the condition of GDSORD. In the second block 4 points obtained from
§ replicate’ of 23 expt. with levels = a and indentify equation I == —123
are taken. —
So total number of points of blocks 1 and 2 is 14,

,

Here ¢ =3, 'ii = 1; i =3,-N_=‘ 14, n, = 10, n, = 4 /

F;;f these points, we have v
B(i):Z Sc*,!., = 10.70684% i € Gy, & =1,2,3.
B (i) : S xfu = 11.6634a", 1€ Gp u=1,23,

110;’2 x2 %3 = 8a% ic Gu, j€ Gy, b # P =12, 3 ,
W = 08Bl e =123

(), = 0.479a% (D) = 0.2857a% £ =1,2,3.

[0, =0.2262a* ¥ K, 0, = 0.5714a* ¥ p # p' =1,2,3
/
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puv = 0.0355a¢

Py Poryt — (pm;')z = 0,0499a¢ >0,

Thus all the conditions of GDSORD in 2 non-orthogonal blocks are
satisﬁed._

Blocks 1 to 3 : SORD-GDTORD, G, : (1), G::(2),G5:(3)

In block 3 we add points such that the factors of the first gtouﬁ
appears in second order while the factors or other two groups appear

in third order. That is, the contents of the block I to 3 satisfy the condi- .

tions of SORD-GDTORD.

. For this we take 12 points given by 833 (€), 813 (€), 845 (¢) with

€y = 1.5874‘1:

where
I b
] 0 0C o .0 CO 0
|
: 1 0 0 C o 0—-C 0 0
Sy@:4xy= |
| O 0—-C 0 0 CO 0
|
] 0 0—-C 0 0—-Co0...0 o
L J

That is, elements of ith and jth columns are 4 C and elements of all
other columns are zero. - ' ' .

Total number of points from 1st block to 3rd block is 26. With these
26 points all the conditions of SORD-GDTORD are satisfied.

Blocks-1 t0 4 : GDTORD, G, : (1), G, : (2, 3).

Here we divide the factors .into two groups, last group consists two
factors. We add points such that the factors of the groups appear in
third order. That is, points of these 4 blocks satisfy the conditions of
GDTORD. , :

Block 4 contains 4 points given by s; (d), i = 2, 3. With 42 =3.34784",
.Total number of points upto block 4 is 30, , .

It can be easily seen that for these 30 design points, conditions D,
D, (i), D, (ii) and E, E, are satisfied. :

. .
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Blocks1t0 5 : TORD I

. In block-5 points are added such that combining all the ﬁve blocks
we get & TORD.

For this we require two points given by
S; (d)° where d* = 3.3478a’.

Thus a TORD on 3 factors with 32 design pomts can be performed
sequentially in 5 blocks baving the maximum block size 12. It is to be
noted that the number of points and the maximum block size of the
sequential design in two orthogonal blocks on 3 factors -by Das and
Narasmham are respectively 53 and 27.
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APPENDIX

- LIST 'OF SEQUENTIAL THIRD ORDER ROTATABLE DESIGNS IN NON ORTHOGONAL BLOCKS

No.of  Type of the design with Nafure of the design points  No. of points in the The total no. of  Mazimum block

Sfactors the grouping of the in the block block and solution design points of size of rhe sequ-
factors ' S intermsof a2 . sequential design . ential design by
by this procedure this procedure
and the corres- and the corres-

Ponding sequential ponding sequen-
design by Das and tial design by

Narasimham Das and
(1962) Narasimham
- (1962)
1 2 3 e 4 5 6
> .3 Block1 . }of2expt. 10
-FORD, G : (123) levels + a, b* = 1.3534 a2
- I=123,s,(b) ,
i=1,23 , -
Blocks 1 and 2 Block 2
GDSORD, Gy : (1).  } of 2% expt. 4
G::(2) levels '

Gp:(® +.a,I=— 123 32/(40 + 13) 12/(22 + 5)

SOILSILVIS TYYNLINOINOV 40 KI.BIOOé NVIAN] 8H1 20 TYNiIAOf
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1©)

&)

O)

Blocks 1to3
SORD-GDTORD
Gy : (1), Ga: (2,
Gs: (3)

Blocks 1 to 4
GDTORD, -
Gy :(1), Gz = (23)

Blocks{ 1to 5
TORD ~

Block 1

FORD. G : (1234)

Blocks 1 ahd 2
FORD-GDSORD,
Gy : (12)

G3:(3), G5 : (4)

Blocks 71 to 3
GDSORD, Gy.,
r=1,2,34

Block 3
4, (¢)
() = (12, 13,23)

Block 4
sa(d),s3(d)

Blocks 5§
51 (d)

3 of 28 expt,
levels + a -
1=1234
Block2

1 of 24 expt.
levels + a,’

I= = 1234, 5, (b1),
s4 (b,)

. Block 3

51 (D), 52 (B)

)
12

C2 = 1.5874a2.
4 :

d2 = 3.3478a2
2

" d* = 3.3478a2

8
12

b2 =4a2
n

b2 = 4a®;

SHD014 TVNODOHLYO-NON NI 4401aD
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. Blocks 1 to 4 " Block 4 . 20
GDTORD, Gy, 513 (¢), 513 (0), " €2 = 1.5874a2
p=1,23,4 512 (0), 511 (0),
524 (€) S
- ' : ' - 72/(72 + 4) 20/(48 <+ 4)
' Blocks 1 to 5 Block 5 i T T
GDTORD, Gy :(12) 519 (), 515 (c), C2 = 1.5874 a
G3:(3),Ge: () - 514 (€); $28 (€),
" 824 (€)
| oo
! - Blocks1to 6 Block 6 8
| ' TORD . 534 (€), $3¢ (€) C2 = 1.5874 g2
‘ 5 Block 1 ' Sa (¢). 55 (€), s¢ (b)), 55 (b) 8
FORD ' b2 = 3.2474 a2 -7
2 =12059a
Bloks 1 and 2 Block 2 ‘ 40
GDSORD, - a — BIBD (5, 10, 6, 3, 3, 1) x 22
G* 1 = 1,2.3,45 _ where 22 is a fraction
of 28 expt, with
I=123

SOILSILV.LS TVHYALINOIIOV 40 X1A100S NVIANI BHL 40 TYN¥NOf
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@

3)

@

) . © .

Blocks 1 to 3

" GDSORD-TORD

Gy, r=1,23
Gi:(4,5)

TORD

Block 1
FORD

Blocks 1 and 2
GDSORD,

Gurp=12,...6

Blocks1to3
GDTORD, ‘
Gl p=1,2...6"

Block 3

a — BIBD
(5, 10,6,3,3,1) x 22
where 22 is a fraction

. of 22 expt. with I = — 123

54 (Q. 55 (0)

L4 (b)l »sI (b)’ S.’ (b)
51 (c)

Bloci: 1

. a— PBIBD
(6,3,2,4,2,1) x 24

Block 2
a — PBIBD

6,8,4,3,0,2) x 2
a — PBIBD

(6,8,4,3,0,2) x 2°

a — PBIBD
6,3,1,2,1,0) x 22
and repeat it once
5(0f),i=12,...6

44.
2 =i 1,2059 g2

8
b2 = 3.2474 a2
c2 = 1.2059 a2

43

ol
. 64
100
f2=4a2

100/(192 +10)  44/120
244/(260 4 27)

100/211-
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2 3 4 5 6
TORD a — PBIBD 24
y (6,3,1,2,1,0) x22 ‘
) and respeat it once . -
Block 1 ° a-— BIBD
(7,3,3,7,1)x 29 © 23

Block land 2 -
FORD — SORD,
Gy : (1234)
Gy :(567)

Blocks 1 to3
GDSQRD. G, : (1234)
Gy: (56T)
~Blocks 1to 4
GDTORD, G/,
p=12"%,.7.

B»locks 1tos

TORD

where 22 is a fraction
of 23 expt. with
identity equation

I = 123

Block 2 ) .

a—BIBD (7,3,3,7,1) x 22 ,

where 22 is a fraction . 34

of 22 expt. with' identity ‘ _

equation 7 = — 123. b2 =4a2 . -
) 238/(238 +- 42)

~ Block 3 @ .. . ) 64 -

a—BIBD (7,3,3,7,1) x 20

sy (b),i=1,2,3,4 b2 = 4a?

Block 4 . 56

a —BIBD (7, 4,4, 7,2) x 2

a—BIBD (7, 4,4,7,2) x 2 56 .

64/(126 + 42)

00T
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